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ABSTRACT

For a finite group G and some prime power p”, the H:-subgroup H,:(G) is
defined by H,(G) = (xEG | x** # 1). Meixner proved that if G is a finite
solvable group and G # H,:(G) for some n = 1, then the Fitting length of
H,+(G) is bounded by 4n. In the following note it is shown that the 2-length of
H,+(G) is at most n. This result cannot be derived from Meixner’s paper, since
his result implies only that the 2-length is bounded by 2.

Let G be a finite solvable group and p a prime. Define the Hughes subgroup
H,(G) of G by
Hp(G)=(xEG:x" #1).

In [5] Hartley and Rae proved that the Fitting length of H,»(G) is bounded by
some quadratic function of nif H,»(G) # G. Later this bound was improved by
Kurzweil and Meixner ([8], [9]). For p odd Espuelas proved that the Fitting
length of H,»(G) is bounded by n and there are examples that prove that this is
the best posible result ([2]). The purpose of this note is to prove that the 2-
length of H,»(G) does not exceed n. This result cannot be derived from
Meixner’s paper, since his result implies only that the 2-length is bounded by
2n. We will prove the following Theorem.

THEOREM. Let G be a finite solvable group having a normal subgroup
H # G such that every element of G \ H is a 2-element of order at most 2". Then
the 2-length I,(H) of H is at most n.

In {1] Bryukhanova proved that the 2-length of a finite solvable group with
Sylow-2-subgroups of exponent 2" does not exceed n. Although the exponent
of a Sylow-2-subgroup of H is generally not bounded (for example let G be a
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Dihedral group of order 2™ *!, then H,-(G) is cyclic of order 2™ if m > n) we
will see that the proof of the Theorem is similar to that in [1]. The notation of
this note is standard and can be found in [6], [7).

PROOF OF THE THEOREM. Assume that the Theorem is false and let Gbe a

minimal counterexample. Then we have the following:

(a) If U is a proper subgroup of G not contained in H then )({UNH)=n
and hence [(U)=n + 1.

(b) If Uis a nontrivial normal subgroup of G contained in H then ,(H/U) =
n.

(c) We have n = 2, since for n = 1 the group H is nilpotent.

(d) Since 0,{G) = H we have 0,{G)=1. Let ¥V =04(G) and G =G/V.
Then V =< H and V is elementary abelian. Furthermore ¥V is a faithful
G-module over GF(2).

(e) If x€G\ Hand y €H then (xy)*" = 1. Thus if x € G \ H then the degree
of the minimal polynomial of X on V is less than 2",

We need the following Lemma which is contained in [4].

LemMA 1 (Hartley [4], Lemma 8). Let G be a finite p-soluble group with
upper p-series

1=GO§OI,,(G)=G1.§0,,',(G)=G2§ cre.
Let U be a subgroup of G having a series
1=U,=U,=---20,=U (rz1)

such that U,/U;_, is a p’-group if i is odd and a p-group if i is even. Let
S,EHall,(U/U’_l)(U) and fOr r>iz1 let S,-EHall,,(WU,_I)([S,'H, (j,](],_l) If
U é U,_]Gr_.l, then S] =1,

Let 1 =Ny<N,< ... <N,,,;=H be the upper 2-series of i and G, =
G/N,_,, H.=HIN,_,fork=1,...,2n + 1.

LEMMA 2. For k=1,...,2n+ 1 the groups H, contain a nontrivial
Di-subgroup P, (p, a prime) which is normal in G, such that:
(@) Desi # D, D = 2 for odd k and Py is a special group.
(b) If R ., is any p; . -subgroup of Ny .., which covers P, ., then
() P =[P, R 1]
(ii) Ry, centralizes each proper subgroup of P, that is normal in G,.
(iii) N /N, = CN,,/N,_.(RH P
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ProoF. We will define the groups P, inductively. Let P,,,, = H,,,, and
assume that we have already defined P,,,,, ..., P;. Let R, be a p;-subgroup of
N, such that R,N,_,/N;_, = P,. Since

Cu(Ni—i/Ni_2) =N,

we have [R,, N,_,]£N,_,. Since the orders of R, and N,_,/N,_, are coprime,
there exists a Sylow-p-subgroup P of N,_,/N,_, which is normalized but not
centralized by R,. Let X denote the preimage of N;, (P)in G. Then G = N,_ X
by the Frattini argument.

Let 1 = X, < X, < X, < - - - be the upper 2-series of X N H. Since N, = X we
have O,(X N H) = 1. Note that

R, =EN; = XN,_, fori=I[,...,2n+1.
We will prove by induction that
(*) R§+1éXiN1_‘ fori=1,...,2n+1.

Assume that R; < X,_,N,_,. Then by comparison of the orders of the groups
R[, /Y[_]/X[_z and Nl—l/NI-Z we have

R, =X,_,.

Hence [P, R;] = 1 by Lemma 1. Therefore R, £ X;_,N,_.,. Now (x) is proved by
induction. Thus R,, ., is not contained in X,,N,_, and hence [(X)=n + 1.
Since N,_, = H # G we have X £ H. Therefore by the choice of the counterex-
ample G = X and P G,_,. Let P,_, be a minimal normal subgroup of G,_,
contained in P such that [P,_,, R,] # 1.

Let R, = RN,_,/N,_,. Then R, is a Sylow-p,-subgroup of the normal sub-
group R.N,_,/N,_, of G,_,. Hence by the Frattini argument:

Gl—l = NG,_l(RI)NI— /Ni_,.

With the same argument as above we prove that the 2-length of the preimage of
P,_Ng_(R) in G is n + 1. Hence by the choice of the counterexample

Gl—l = Pl-xNG,_,(RI)-

Now we are in the position to prove that P,_, has all the desired properties
for the particular choice of R;. Since [P,_;, R;]]<dP,_, < G;-, we have by
minimality of P,

P_=[P_, R}
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and by [6], IIL.13.6, we know that P,_, is special. Since N,_,/N,_,=
P \Ny,_n_(R)) and

[Ny,_ s (R), R1ISN/N,_,N R, =1,
we have

NM_llN,_z(RI) = CN[_ |/M_2(‘R1)‘

Now let S be any p;-subgroup of G such that SN,_,/N,_; = P,. Since orders of R,
and N,_,/N,_, are coprime, SN,_, and R,N,_, are conjugate by an element g.
Therefore

(Pi_i, S]=[P_, RE=PF, =P,

Thus the Lemma is proved.

Let us denote P, by Q. Then Q is a special g-group of exponent g. Let Sbe a
Sylow-2-subgroup of O,,(H/V) and T =S such that TO,{H)/OyH) = P,.
Since 0,,,(H) = O,{(H)N(S), there exists a p,-subgroup P of N(S) such that

P,=P 02'2(H )4 Oz'z(H ).

LEMMA 3. (a) Q is nonabelian and there exists a natural number m such
thatg=2"—1.

(b) G acts irreducibly on V and C,(Q)=1.

(¢) V 1G is a counterexample.

Proor. (a) If x€EG\H then Cy(x) is a 2-group and hence C4(Q)=
Cp(Q). Let X = Q 1G/Cgq(Q). Then by Lemma 2, /,(X) = n. By the choice of
the counterexample, there exists an element x in G \ H of order 2" such that

(X, Q1+ 1.

Since the degree of the minimal polynomial of x on V is less than 2" we can
apply the Theorem of Hall and Higman ([7], IX, 9.2).

(b) Let N be a normal subgroup of G contained in V'such that [V, Q1£N. By
Lemma 2 we have L,(H/N)=n + 1. Hence by the choice of the counterexam-
ple N = 1. Therefore we have C,(Q) = 1. Let V, # ¥V be a G-submodule of V.
Since Cy(Q) =1 we have Cy(V/V;) # Q. This implies V= 1.

(c) Since VR, <4 G, we have G = VNg(R,). Because of [Ny(R,), R;] = 1, we
have

Ny(R) = Cy(R) =Cy(Q) = 1.

Thus G splits over V.
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Let B = (x| xENg(S)\ H). If xENg(S)\ H then (T, x) is a 2-group.
Now TO,(G)< G, thus T<(T,x) and therefore x ENg(T). This yields
B < Ng(T).

LEMMA 4. (a) T=<B =Sand 0,(G)BLG.
(b) L(H/O(G)B)=n —1.

ProOOF. By the Frattini argument we have G = Ngz(S)0,(G). By [3],
Theorem B, we have
B = 0,(G) N Ng(S)

and hence B < S since S €Syl,(0,,(G)). Because B is a normal subgroup of
N;(S) we have O,{(G)B < G. Assume that T£B and let H = H/O,(G)B. By
Lemma 2 we have

TO,(G)OAG) N BOAG) 0G) = (TOAG) 0,(G))
and therefore using Lemma 2 again
lz(ﬁ ) =nN.

Obviously the order of every element of G/O,(G)B\H divides 2"~!. This
contradicts the choice of the counterexample. Hence T < Band L(H) =n — 1.

The following Lemma is now proved on the same lines as Lemma 23 in [1].

LEMMA 5. LetgENg(T)\Hand xET. Ifu = g* '(gx)*"" then one of the
Jollowing holds.

(@) [#,Q]=1.

(b) T is nonabelian and [[T, ul, Q] = 1.

Now we are in the position to prove the Theorem. Let

G =GICe(Q), T=TCs(Q)Ce(Q), F=Ng(TyCu(TI9(T))
and
U=T/T) 1F.

Furthermore let
H=HIC4Q), F=Nuy(DCy(T/T) and U,=T/XT) 1F.

We will prove that the order of every element of U\ U, divides 2" ' and that
I(U,)) = n. This contradicts the choice of the counterexample and completes
the proof of the Theorem.
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(a) (U,) = n. By the Frattini argument we have

H = 0:(G)Cs(Q) Co(@Ng(T)
thus
H = O,(H)Ng(T)

and hence
LINg(T)) = L(H) = n.

Let R, denote the image of R, in F'. Then we can assume that the R, satisfy the
same conditions as the R,. Since T/®(T) = O,(U,), we have 0,(U,) = 1.

Let 1 = Fy < F, = O(F) < F,- - - be the upper 2-series of F. Analogously to
Lemma 2 we will prove that

(+%) R, <F,_, and R Z£F,_, foriz4.
Assume that R, < F,, then [R,, T] = C¢(Q) since the order of R, is odd. Thus
TOAG) = [R,, T]0A(G) = C5(Q)0:(G).

This implies T < C¢;(Q) since Q is a normal subgroup of G. This contradiction
proves R, ZF,.

Now (+) is proved by induction using Lemma 2. Thus R,,_, £ Fy,_,, and
therefore L,(U)) =n.

(b) [B, T1 =®(T). Since B = Ng(T) and B < S we have

[B, T]<T.

Thus [T, B]0,{G)/ O(G) is a normal subgroup of H, properly contained in P;.
Hence by Lemma 2
[B, T, P] = 0x(G).

Therefore [B, T, P] = 1 since P < N(S). Now TO,(G) = [T, P]0,(G) implies
[T, P] = T. This yields
1 =[[T, BI&(T)/¥(T), P} =T, BI®(T)/¥(T).

(c) T is special. Since T is special we can assume that 7 is nonabelian. Let X
be the preimage of Z(T/Cr(Q)). Then X < T and X0,(G) < G since G =
O(G)Ng(T). Thus [X, P] = 0,(G) by Lemma 2 and hence [X, P] = 1. Since
T =[T, P, we have X < ®(T)= Z(T). Thus Z(T)=d(T) and hence T is
special.

(d) If x€ U\ U,, then the order of x divides 2" ~'. Let W € Syl,(N¢(T)) such
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that S < W and let W be the image of W in F. Then T/&(T) 1 W €Syl (V).
WLOG we can assume that x is contained in that group. If g is an element in
N¢(T)\ H, then g is conjugate to an element in Ng(S)\ H. Therefore the order
of the image of g in F is less than or equal to 2”~!. Now let xE€T and
gEN(T)\H. We have

(gx)*" ' =g"u,

where u is defined as in Lemma 5. To prove (d) it remains to prove that
the image of u in T is contained in ®(7T'). But this is a consequence of Lemma 5
and (¢):

If [u, Q] = 1, then the image of u in T is 1 and if [T, u, Q] = 1, then the
image of u is contained in Z(T) = ®&(7).
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