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ABSTRACT 

For a finite group G and some prime power p ' ,  the Hrsubgrou p Hp,(G) is 
defined by Hp,(G)= ( x E G  Ix p" ÷ 1). Meixner proved that if G is a finite 
solvable group and G ~ H2,(G) for some n ~ l, then the Fitting length of 
H2,(G) is bounded by 4n. In the following note it is shown that the 2-length of 
H2,(G) is at most n. This result cannot be derived from Meixner's paper, since 
his result implies only that the 2-length is bounded by 2n. 

Let G be a finite solvable group and p a prime. Define the Hughes subgroup 
Ho,(G) of G by 

Ho,(G ) = (x ~ G : x r v~ 1 ). 

In [5] Hartley and Rae proved that the Fitting length of Hp,(G) is bounded by 
some quadratic function of n if lip, (G) ÷ G. Later this bound was improved by 
Kurzweil and Meixner ([8], [9]). For p odd Espuelas proved that the Fitting 
length of Hp,(G) is bounded by n and there are examples that prove that this is 
the best posible result ([2]). The purpose of this note is to prove that the 2- 
length of Hp,(G) does not exceed n. This result cannot be derived from 
Meixner's paper, since his result implies only that the 2-length is bounded by 
2n. We will prove the following Theorem. 

THEOREM. Let G be a finite solvable group having a normal subgroup 
H ~ G such that e very element ofG \ H is a 2-element of  order at most 2~. Then 
the 2-length 12(H) of H is at most n. 

In [ I] Bryukhanova proved that the 2-length of a finite solvable group with 
Sylow-2-subgroups of exponent 2 n does not exceed n. Although the exponent 
of a Sylow-2-subgroup of H is generally not bounded (for example let G be a 
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Dihedral group of  order 2 re+t, then H2,(G) is cyclic of  order 2 m i f m  > n) we 

will see that the proof of  the Theorem is similar to that in [ 1 ]. The notation of  

this note is standard and can be found in [6], [7]. 

PROOF OF THE THEOREM. Assume that the Theorem is false and let G be a 
minimal counterexample. Then we have the following: 

(a) If  U is a proper subgroup of  G not contained in H then 12(U N H) < n 

and hence/2(U) _-< n + 1. 

(b) If  Uis a nontrivial normal subgroup of  G contained in H then 12(H/U) <-_ 

n.  

(c) We have n >_- 2, since for n -- 1 the group H is nilpotent. 

(d) Since 02(G) < H we have 02(G) = 1. Let V -- 02(G) and G ffi G/V. 

Then V < H and V is elementary abelian. Furthermore V is a faithful 

(~-module over GF(2). 

(e) I f x  E G \ H and y E H then (xy) 2" = 1. Thus i fx  E G \ H then the degree 
of the minimal polynomial of  :~ on V is less than 2 n. 

We need the following Lemma which is contained in [4]. 

LEMMA 1 (Hartley [4], Lemma 8). Let G be a finite p-soluble group with 

upper p-series 

1 = Go ~ O,,(G) = G, ~ O,,,(G) = G2 < . . .  

Let U be a subgroup o f  G ha ving a series 

1 - -  Uo <= e ,  . . . u ,  ffi u (r  > O 

such that Ui/U~_~ is a f -group i f  i is odd and a p-group i f  i is even. Let 

S, EHall,,w,w,_,)(U) and for r > i > 1 let S~EHall,,w,,v,_,)([S~÷~, UdU~_,). I f  
U < U,-IG,-I ,  then Sl ffi 1. 

Let 1 = No < N~ < . . .  < N2n + ~ -- H be the upper 2-series of  H and Gk = 

G/Nk_~, Ilk =H/NK_~ for k = 1, . . . .  2n + 1. 

L~MMA 2. For k = 1, . . . .  2n + 1 the groups Hk contain a nontrivial 

pk-subgroup PK (PK a prime) which is normal in Gk such that: 

(a) Pk + ~ ÷ Pk, Pk ffi 2 for odd k and Pk is a special group. 

(b) l f  Rk + l is any pk + |-subgroup Of Nk + l which covers Pk+! then 

(i) Pk ~- [Pk, Rk+,]. 
(ii) R k + l centralizes each proper subgroup of  Pk that is normal in G k. 
(iii) Nk/Nk -l  ---- C~/~_,(Rk + l)Pk. 
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PROOF. We will define the groups Pk inductively. Let P2n +t = H2n +~ and 

assume that we have already defined P2n + i, • . . ,  Pt. Let R~ be a Prsubgroup of  

N~ such that R~Nt_ t/Nt- ~ = P~. Since 

CH(Nt-l/Ni-2) < Nt-I  

we have [Ri, NI_ l]~Ni-2. Since the orders of  Ri and Ni-1/Nt-2 are coprime, 

there exists a Sylow-p-subgroup P of  N~_ t/Nt-2 which is normalized but not 

centralized by R~. Let Xdenote  the preimage of  N6,_,(P) in G. Then G = Nt- IX 

by the Frattini argument. 

Let 1 = X0 < X~ < X2 < • • • be the upper 2-series o f X  A H.  Since N~ < Xwe 

have 02.(X ~ H)  -- 1. Note that 

R i < N < X i N t  - - - -  , - -  1 f o r / = / ,  . . . ,  2 n + l .  

We will prove by induction that 

(*) Ri+I~X~Nt-1 for i = l . . . . .  2n + 1. 

Assume that Rt < Xt- tNt_ i. Then by comparison of  the orders of  the groups 

Rt, Xt-l/Xt-2 and Nt-~/Nt-2 we have 

Rt < XI-2. 

Hence [P, Ri] = 1 by Lemma 1. Therefore Ri ~ X i -  ~Nt- t. Now (,) is proved by 

induction. Thus REn +l  is not contained in X~V l_ i and hence/2(X) = n + 1. 
Since N~_ ~ _-< H ~ G we have X ~SH. Therefore by the choice of  the counterex- 

ample G = X and P ~__Gt- 1. Let Pi-  1 be a minimal normal subgroup of  GI- i 
contained in P such that [P~_ 1, Rt] ¢: 1. 

Let RI = RtNI-2/NI-2. Then Ri is a Sylow-prsubgroup of  the normal sub- 

g r o u p  RtN I_ l/Nl_2 o f  Gi-t.  Hence by the Frattini argument: 

Gt-I = N~,_,(Rt)NI-l/N1-2. 

With the same argument as above we prove that the 2-length of  the preimage of 

Pt-~Na,_,(/~t) in G is n + 1. Hence by the choice of  the counterexample 

GI- I = el-INGt_ I (RI)  • 

Now we are in the position to prove that Pt_ ~ has all the desired properties 

for the particular choice of  Rt. Since [Pt-t, Rt] ~ Pt-l ~ Gt-i we have by 

minimality of  Pt 
et-1 = [Pl-1, Rt] 
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and by [6], 111.13.6, we know that Pt-1 is special. Since Nt_l/Nt_2 = 

It-iNN,_~m,_~(l~l) and 

[NN,_,m,_~(/~l),/~l] < Nt/Nt-2 f3 R t  ~- 1, 

we have 

= C,,,_,,N,_2(Rt). 
Now let S be any pl-subgroup of  G such that SNI_ tlNl_ ~ = It .  Since orders of  Rt 

and Nl-~/Ni-2 are coprime, SNI_ 2 and R~Nt_2 are conjugate by an element g. 

Therefore 

[Pl-,, S l  = [Pt- , ,Rt]  ~ = P~-l = Pt- t .  

Thus the Lemma is proved. 

Let us denote P2 by Q. Then Q is a special q-group of  exponent q. Let S be a 

Sylow-2-subgroup of  02,2(H/V) and T < S such that TOz(I-'t)/O2(FI) = 1:'3. 
Since O2,22~/-/) = O2~/-/)N(S), there exists a p4-subgroup P of  N(S) such that 

P4 = PO2,e(H)/ O2,2(H). 

LEMMA 3. (a) Q is nonabelian and there exists a natural number m such 
that q = 2m _ 1. 

(b) d acts irreducibly on V and Cv(Q) = 1. 

(c) v ~ G is a counterexample. 

PRooF. (a) If  x E G \ / - /  then Ca(x) is a 2-group and hence C~(Q)--- 
Ca(Q). Let X = Q ~ G/Ca(Q). Then by Lemma 2, 12(X) = n. By the choiceof  

the counterexample, there exists an element x in G \ / / o f  order 2 n such that 

[x 2"-', Q] ~ 1. 

Since the degree of the minimal polynomial o f x  on V is less than 2 n we can 

apply the Theorem of Hall and Higman ([7], IX, 9.2). 

(b) Let Nbe  a normal subgroup of G contained in Vsuch that [ V, Q] ~ N .  By 

Lemma 2 we have 12(H/N) = n + 1. Hence by the choice of the counterexam- 

pie N = 1. Therefore we have Cr(Q) = 1. Let Vo # Vbe a G-submodule of  V. 

Since Cv(Q) - 1 we have CQ(V/Vo) ~ Q. This implies V0 = 1. 

(c) Since VR2 <1 G, we have G = VNc(R2). Because of  [Nv(R2), R2] = 1, we 

have 

Nr(R2) = Cr(R2) < c v ( a )  = 1. 

Thus G splits over V. 
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Let B = (x 2"-' ]x ENo(S)  \ H ) .  If x ~No(S)  \ H  then (T, x )  is a 2-group. 

Now TO2~G)~G, thus T < I ( T , x )  and therefore x E N o ( T ) .  This yields 

B <-_ No(T). 

LEMMA 4. (a) T < B < S and 02(G)B ~ G. 

(b) 12(H/O2,(G)B) = n - 1. 

PROOF. By the Frattini argument we have G = No(S)O2,(G). By [3], 

Theorem B, we have 

B < O2,2(G) N No(S) 

and hence B < S since S~Syl2(O2,2(G)). Because B is a normal subgroup of  

No(S) we have 02~G)B~G.  Assume that T ~ B  and let I:I -= H/O2,(G)B. By 
Lemma 2 we have 

TO2,(G)/O2,(G) N BO2~G)]O2,(G) ~ dp(TO2~G)/O2,(G)) 

and therefore using Lemma 2 again 

12(H) = n. 

Obviously the order of  every element of G/Or(G)B \I:I divides 2 n-~. This 

contradicts the choice of the counterexample. Hence T < B and 12(H) = n - 1. 

The following Lemma is now proved on the same lines as Lemma 23 in [1]. 

LEMMA 5. Let g E No( T) \ H and x ~ T. I f  u = g2"-'(gx)2"-' then one o f  the 

following holds. 
(a)  [u ,  Q ]  = 1. 

(b) T is nonabelian and [[T, u], Q] = 1. 

Now we are in the position to prove the Theorem. Let 

d = Q/Co(Q), i" = TCo(a) /co(a) ,  F = No(T)/Ca(7"/dP(7")) 

and 
U =  T/~p(T) IF.  

Furthermore let 

I:I = H/Co(Q), f" = N/~(7~)/C,(7~/cl)(T) and Ul --- 7~/cb(T) 1F. 

We will prove that the order of  every element of U \ Us divides 2 n - i and that 

12(U0 = n. This contradicts the choice of the counterexample and completes 

the proof of  the Theorem. 
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(a) 12(UO = n. By the Frattini argument we have 

thus 
R = Or(O)Ca(Q)/Ca(Q)Na(:[') 

/1 = O2,(H)NA(f) 

and hence 

12(Na(T)) = 12(H) = n. 

Let /~ denote the image of R~ in F. Then we can assume that the/~i satisfy the 
same conditions as the Ri. Since T/~(~)  _-< O2(UI), we have 02,(UO = 1. 

Let 1 = F0 _-< Fi = 02(-#) ----< F 2 . . .  be the upper 2-series of [:. Analogously to 
Lemma 2 we will prove that 

(**) Ri<=Fi_2 and Ri~Fi_3 fori_>-4. 

Assume that/~4 < F~, then [R4, T] _-< C~(Q) since the order of/~4 is odd. Thus 

TOz,(G) -- [R4, T]O2,(G) _-< Cc(Q)O2,(0). 

This implies T _-< Ca(Q) since Q is a normal subgroup of 0 .  This contradiction 
proves R4 £Fl .  

Now (**) is proved by induction using Lemma 2. Thus/~2.-~ £F2~,-0 and 
therefore 12(U0 = n. 

(b) [B, T] _-< ¢I)(T). Since B < Na(T) and B < S we have 

[B, T] < T. 

Thus [T, B]02~0)/02~0) is a normal subgroup of H3 properly contained in/'3. 
Hence by Lemma 2 

[B, T, PI --< 02,(0). 

Therefore [B, T, P] = 1 since P =< N(S). Now TO2,(G) = [T, P]Oz(0)  implies 
[T, P] = T. This yields 

1 = [[T, B]~l~r)/gp(r), P] = [r, B]~(T)I~(T). 

(c) T is special. Since T is special we can assume that T is nonabelian. Let X 
be the preimage of Z(T/Cr(Q)). Then X < T and XO2,(0) ~ 0 since G = 
02~G)No(T). Thus IX, P] _-< 02,(0) by Lemma 2 and hence IX, P] = 1. Since 
T = [T, P], we have X _-< ~ ( T ) =  Z(T). Thus Z ( I " ) - - ~ ( T )  and hence T is 
special. 

(d) I f  x E U \ U~, then the order of  x divides 2"-~. Let W E  SyI2(N~(T)) such 
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that S < Wand  let Wbe  the image of  W i n  F. Then ~/t~(~') 1 W~SyI2(U).  
WLOG we can assume that x is contained in that group. If g is an element in 
Na(T) \ H,  then g is conjugate to an element in Na(S)  \ H.  Therefore the order 
of  the image of  g in F is less than or equal to 2 n-~. Now let x E T  and 
g E N a ( T ) \ H .  We have 

(gx)2"-' -_ g2"-'u, 

where u is defined as in Lemma 5. To prove (d) it remains to prove that 
the image of  u in Tis  contained in (b(T). But this is a consequence o fLemma 5 
and (c): 

If [u, Q] = l, then the image of  u in 7 ~ is 1 and if  [T, u, Q] = l, then the 
image of  u is contained in z(2r) -- (I~(7~). 
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